The rapid assembly of printed circuit boards to meet the desired goal of thinning the board creates more complexity in the reflow process, to control the occurrence of warpage in the board. Therefore, certain methods are preferred for simply yet accurately predicting the amount of warpage inevitable in the reflow process. Responding to such a need, the study was carried out aiming to provide a specific numerical method based on the multilayered plate theory, resulting in a simple procedure capable of supplying an accurate estimation of the warped deformation of the board. The program, which is equipped with the developed method, can give an arbitrary temperature history to a multilayered plate consisting of an arbitrary number of layers. This program can designate a temperature-dependent viscoelasticity and temperaturedependent thermal expansion coefficient to each layer. The estimation results derived from this method were compared with the FEM analysis results and confirmed to be in good agreement. Application of this method is designed for ease of use to estimate the warpage at any stage of planning and design.
INTRODUCTION
Along with rapid assembly for the purpose of creating thinner printed circuit boards, the side effect of warping during the reflow process is inevitable. As a result, the assembly process encounters serious challenges, such as difficulty in implementing a highly integrated assembly, as well as degrading in reliability to their connectivity. Aside from attempts to simulate these issues employing the FEM analysis method, it is also necessary to conduct an estimation of the warpage at the early stage of design, for which development of more simplified estimation tools is strongly desired. From a material behavior point of view, if any glass transition points exist within the temperature range during the reflow process, the relaxation effect (due to viscoelastic characteristics of the material of the boards) appears as a deformation, which acts as a barrier to achieving a distinct estimation of the amount of warpage. Generally speaking, viscoelastic behavior of resin materials exhibits very sensitive temperature dependency. It makes it difficult to accurately capture the characteristics of resin materials in actual experiments, and accordingly, to build numerical models based on such an experimental measurement. There have been many analysis cases publicized using sophisticated FEM approaches [1] , [2] , but such approaches seem to stay at the label beyond utilizing as handy design tool.
To easily estimate the thermal deformation in the laminated structure, some approaches employ the multilayered beam theory [3] , [4] . The method proposed in this paper enhances these approaches to incorporate the layered plate theory, and includes the effect from the temperature-dependent viscoelasticity and the temperature-dependent coefficient of thermal expansion of resin materials. The program, which is equipped with the developed method, can give an arbitrary temperature history to a multilayered plate consisting of an arbitrary number of layers. As well, the practical approach for measurement of viscoelasticity characteristics has been specifically developed by the author's group with the aim of performing measurements to obtain data of high accuracy [5] . The method proposed herein was verified using the achievement from this development. Verification results are also shown in this paper. This method instantly calculates the amount of the warpage and stress in a multilayered plate by giving the values of the thickness and material constants of the plate. Advantages of the proposed method may cover a wide range of real world applications, such as design optimization problems.
VISCOELASTICITY THEORY AND ITS
INCREMENTAL FORM SOLUTION In order to incorporate viscoelasticity into the multilayered plate theory, the one-dimensional linear viscoelasticity theory can be expanded into the plane stress field, and then treated as an incremental form of solution. The generalized Maxwell model is applied to exhibit linear viscoelastic behavior. This model is composed of a parallel series of multiple Maxwell models, each of which is assembled with a serial connection of a dashpot and a spring defined by:
where E r (t') is called the relaxation modulus of longitudinal elasticity defining the stress relaxation keeping the strain constant. E n , τ n , N is the material constant denoting the coefficient to the Prony series, the relaxation time and the number of terms in the Maxwell model, respectively; t' is the 978-1-4244-5343-6/10/$26.00 ©2010 IEEE reduced time. Where the reduction rule of time-temperature is applicable, the time-temperature conversion factor α T (T) is obtainable from the following formula:
where t is the real time and T is the temperature.
Using Eq.(1) and Eq.(2), the one dimensional behavior of the viscoelastic material with temperature dependency can be represented. Considering the plane stress state where uniform in-plane deformation is assumed to take place, the stress-strain (σ-ε) relation can be represented with the relaxation form as follows:
where ν is the Poisson's ratio. This study is conducted in accordance with the plate theory of shin shells assuming the thicknesses of a circuit board being not relatively large. Based on this pre-condition, the effect from the out-of-plane shear deformation of the plate is not taken into consideration. Therefore, the bending behavior of the plate is mainly governed by only the Young's modulus. Please note that the Poisson's ratio is incorporated into Eq.3 for the purpose of expanding the use of the beam theory into the plate theory. Accordingly the Poisson's ratio in this study is treated so as to take a constant value. Besides, if the Poisson's ratio of viscoelastic materials is allowed in strict meaning to have its own time-dependency independently of the Young's modulus, and such the Poisson's ratio can be experimentally measured, the measured Poisson's ratio becomes available to be reflected into the associated analysis.
Eq.(3) should be converted into an incremental form so that it can be treated numerically. Taking t m as arbitrary time, and assuming that the strain varies with a constant gradient of Δε(t m )/ Δt m during the time increment of Δt m = t m -t m-1 , the stress increment, Δσ(t m ) at Δt m is related to the strain, ε can be represented using Eq.(1) and Eq.(3) by the following expression. Eq.(4) takes a form with respect to the strain increment; in the multilayered plate theory described in the section below, necessary equations are derived with respect to the continuity of the strain in each layer.
where σn is the stress in the n-th term of the Maxwell model.
where; 
MULTILAYERED PLATE THEORY INCLUDING VISCOELASTICITY For modeling a printed circuit board with a multilayered plate as illustrated in Fig. 1 , the following assumptions were made: 1) In-plane property of the plate is homogeneous and isotropic.
2) The thickness of the plate is sufficiently thin enough to generate no stress component in the direction normal to the surface.
3) The plate is not subjected to any constraint. 4) The plate will warp under the uniformly distributed temperature.
The bending moment to deform the plate in a convex shape is defined as positive; the deflection along this direction is also defined as positive. ν i , H i in the figure denotes the Poisson's ratio, and the plate thickness, respectively. The curvature induced under temperature variation becomes identical in all in-plane directions of the xy plane since isotropicity and nonconstraint are assumed. Therefore, the warpage of the multilayered plate can be calculated only on the deformation within the xz plane, as shown in Fig. 2 . In the multilayered plate theory, the global warpage is calculated based on the assumption that the strain in each layer is independent and respective interface is continuous; the strain generated in each of the layers is composed of three components as follows: 1) Thermal strain 2) Strain due to in-plane force in the plate 3) Strain due to bending moment on the plate 1) Thermal strain When the temperature-dependent thermal expansion coefficient of the i-th layer at an arbitrary temperature T is expressed as α i • (T), the thermal strain is expressed as the following equation:
where T 1 represents the initial temperature in the analysis. The temperature-dependent thermal expansion coefficient is the average thermal expansion coefficient based on a reference temperature T 0 . The second term in Eq. (6) is necessary to prevent strain at the initial temperature from being generated.
To be expressed as the incremental form, Eq. (6) is differentiated by T.
Therefore, the thermal-strain increment when temperature change ΔT (t m ) is given can be obtained from the following equation:
2) Strain due to in-plane force in the plate On each layer of the multilayered plate illustrated in Fig. 2 , generation of in-plane force and bending moment are considered. Taking the in-plane force in the i-th layer as P i (t m ), the incremental force can be expressed with Eq.(9). H i , B is the thickness and width of each layer, respectively; σ'' i (t m ) indicates the stress due to the in-plane force.
( ) ( )
Introducing the effect from viscoelasticity using Eq.(4) as previously derived, Eq.(8) can be written in the incremental form as follows;.
3) Strain due to bending moment The incremental strain due to the bending moment acting in each layer into account can be similarly expressed by Eq. (13); i z is the distance measured from the neutral plane of the i-th layer.
The strain increment Δε''' i (t m ) can be represented as Eq. (15).
where ΔC i (t m ) is the increment of the curvature,
STRAIN CONTINUITY AND EQUILIBRIUM EQUATION
The global in-plane strain generated at each layer is expressed as the sum of the above-mentioned components a-c. As this global strain must be kept continuous across the interface on each layer, the following expression can be written: 
The applied load must also satisfy the following equilibrium equations:
Assuming the thickness of each layer is negligibly small compared with its resultant curvature, and since the respective curvature on each layer is identical, Eq. (20) 
DERIVATION OF STRESS AND DEFLECTION
By way of the above-mentioned procedure, in-plane forces and curvatures are obtained. Using these results, stress and deflection can be derived following the steps below. Firstly, the stress generated in each layer is obtained as the sum of the in-plane stress and the bending stress as follows: (21) As this model is assumed to be isotropic and unconstrained, the curvature must be identical in all directions within the xy plane. As per Fig. 3 , L is taken as the distance from the center to the corner of each layer; the cross-section of each layer is assumed to have the shape as shown in Fig. 4 , and θ is taken as the slope at the tip of each layer. Accordingly, the maximum tip deflection, δ(t m ) is obtained as follows:
Assuming θ is relatively small and in-plane elongation is also small resulting in L=L', the following expression can be obtained: 
MEASUREMENT OF VISCOELASTIC MATERIAL PROPERTIES
Aside from the fact that thermal stress analysis -taking viscoelasticity into account-has not been adequately carried out to date, one must recognize that it is difficult, in practice, to obtain sufficient accuracy in such experimental measurements. Accordingly, any data measured in such experiments is not accurate enough to relate to the viscoelastic numerical model. Viscoelastic materials exhibit very sensitive temperature dependency, particularly in the vicinity of the glass transition point. Thus, it requires intricate temperature control throughout the entire duration of the measurement operation. In addition, the time-domain constants obtained usually span a wide range of digits, in the range of 20. This leads to the additional task of determining desirable factors, which may prove difficult unless advanced techniques of optimization are utilized.
The case tested to obtain the characteristics of epoxy resin material is also presented in this paper. The device for measuring dynamic viscoelasticity, RSA III (TA Instruments) was used. Dynamic viscoelasticity characteristics were measured for angular velocities 3.16, 10, 31.6, and 100 rad/sec under the ascending rate of temperature 2°C/min in the temperature range of -40 to 60°C. As shown in Fig. 5 and Fig.  6 , the storage modules, E' and the loss modulus, E'' of the epoxy resin material were measured. This measurement device is equipped with a temperature-controlled oven of a solid structure with large volume flow rate, providing excellent performance in temperature control. Fig. 7 shows the master curve, representing the relationship between storage/loss modulus and reduced angular velocity, for the reference temperature, T R . For creating the master curve, the WFL formula as shown below was applied as the temperature-time reduction. Storage modulus E' [MPa] 3.16rad/sec 10rad/sec 31.6rad/sec 100rad/sec 1.E+00
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As a result, a single smooth master curve could cover the wide range of angular velocities. The coefficients for the Maxwell model were obtained from the master curve by the optimization approach so that the relaxation curve by Eq.(1) may be calculated numerically. The result is shown in Fig. 8 . The relationship between time-domain constants and frequency-domain constants is expressed by Eq.(25). Using this formula, the numerical model that gives closed approximation to the actual measurement data can be obtained as seen in Fig. 8 .
These procedures for identification have been organized in Excel; please refer to the literature shown in References [5] . (Fig. 9) , consisting of epoxy resin with 0.5 mm thickness (viscoelastic, T g =105 ℃ ), FR-4 substrate with 0.5 mm thickness (viscoelastic, T g =120℃), and aluminum with 0.1 mm thickness (elastic)-was analyzed. The initial temperature of the laminated plate was set at 180℃, and it was cooled to 25℃within 2000 sec, as shown in the temperature history (Fig.  10) . Because the laminated plate was gradually cooled, its inside temperature was assumed to be uniform. Loss modulsu E'' [MPa] 3.16rad/sec 10rad/sec 31.6rad/sec 100rad/sec
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Reduction angular velocity ω' [rad/sec] Storage / Loss modulus E'、E'' [MPa] 3.0480× 10 5 (after T 0 ), and T 0 = 97.7℃. Those for the FR-4 substrate were as follows: ΔH 1 = 8.8300× 10 4 (before T 0 ), ΔH 2 = 4.3220 × 10 5 (after T 0 ), and T 0 = 113.2℃.
Please note that the material constants of the epoxy resin used for this verification analysis differ from those expressed in the measurement example in the preceding section. Fig. 12 shows the thermal expansion coefficients of the epoxy and FR-4 substrate. The aluminum that composed Layer 3 was an elastic body with the Young's modulus E = 70,000 MPa and the thermal expansion coefficient α 3 = 23.2 × 10 -6 /℃.
In order to compare with the multilayered plate theory developed in this study, an FEM analysis of the same model was performed using the shell elements of Abaqus ver. 6.8. Fig. 13 shows the deformation of the plate obtained by the FEM analysis. Fig. 14 shows the relationship between the deformation and temperature. Fig. 15 shows the relationship between stress and temperature for each layer. As shown in Fig. 14 and 15 , the deformation and stress of the laminated plate obtained by the multilayered plate theory were confirmed to be similar to those obtained by the FEM analysis. 1.E+00 
